The aim of this paper is to construct two kinds of absolutely continuous functions. One is differentiable everywhere but does not satisfy a uniform Lipschitz condition of any order on some large class of subintervals, while the other is differentiable almost everywhere but does not satisfy a uniform Lipschitz condition of any order on any subintervals.
Introduction
The importance of the distinction between a function that, at each point of an interval, satisfies some local Lipschitz condition and a function that satisfies a uniform Lipschitz condition throughout the interval was pointed out by G. H. Hardy [3] ; indeed, he remarked that the function oo E-7/8 ,~ 3/4. n cos(2nnx + n ) n=l satisfies a local Lipschitz condition of order 1 at every point, but it does not satisfy a uniform Lipschitz condition of any order greater than 1 /4 throughout the interval (0, 1). In this respect, our first theorem provides more extreme examples. We denote by \E\ the usual Lebesgue measure of E for any measurable subset £cR. (u) sup \f^-m=oe.
x*y \x-y\a x,y€J (In particular, this holds for every interval J satisfying \J\ > e.)
In the above theorem, every point of EE must be a discontinuity point of the derivative f'e(x), for otherwise, fie(x) would satisfy a uniform Lipschitz o condition of order 1 on some small interval J with J n Ee ^ 0, from the mean value theorem. Thus EE can not contain any interval, since f'e(x) is continuous except at a set of first category, by Baire's theorem on functions of first class; hence, E£ must be nowhere dense.
We also note that the classical examples of everywhere differentiable, nowhere monotone functions (see, for example, E. W. Hobson [5] , Y. Katznelson and K. Stromberg [6] ) satisfy a uniform Lipschitz condition of order 1 on any interval (more precisely, the derivatives are uniformly bounded). The first example of continuous functions which do not satisfy a uniform Lipschitz condition of any order on any interval was obtained by G. Faber [2] ; indeed, he constructed a continuous function g(x) satisfying g(x+h)-g(x) 6 >(| log|A||~ ) as h -► 0 at every point x. Such an example was also found by G. H. Hardy [3] , who showed that the function On the other hand, we can construct a strictly increasing continuous function
for positive integers p, q using Salem's geometrical construction [8] . Such a function can also be defined as a unique continuous solution g(x) of a system of infinite difference equations; for example, in + 2fg d±i) = (2n + 3)g (¿) + (* + I)2, (Í + I) , It is well known that if f(x) satisfies a uniform Lipschitz condition of order 1 on an interval, then it is absolutely continuous. The converse is false, and our function h(x) in Theorem 1.3 gives an extreme counterexample; in fact, h(x) is absolutely continuous but does not satisfy any Lipschitz condition on any subinterval.
A. S. Besicovitch and H. D. Ursell [1] showed that if f(x) satisfies a uniform Lipschitz condition of order a € (0, 1] on an interval, then the Hausdorff dimension of the graph of f(x) on the interval is less than or equal to 2 -a . Moreover, they showed that the converse is false by constructing a continuous curve g¿(x) for each ô € [1, 2 -a] satisfying exactly a uniform Lipschitz condition of order a € (0, 1), for which the dimension â is actually attained. In this respect, the function h(x) in Theorem 1.3 provides a more extreme counterexample; in fact, the graph of h(x) has a finite 1-dimensional Hausdorff measure (indeed, it is rectifiable, since h(x) is of bounded variation), while h(x) does not satisfy any Lipschitz condition on any subinterval.
Preliminaries
Our method of construction of the peculiar functions specified in Theorems 1.1 and 1.3 is similar to that of Y. Katznelson and K. Stromberg [6] , by which they have constructed an everywhere-differentiable but nowhere-monotone function. In this paper we use the following peaked functions j>n(x) = (l + \x\f-n)/" f(x(x -ß)) € Kn(R) for any f(x) € Kn(R) and for any x>0, ß € R.
We now give the following generalization of Lemma 4 in [6] , which is a crucial lemma in this paper. 
